Using computer algebra to run Einstein's equations ''backward'', from field to source rather than from source to field, we design an artificial gravity field for a space station or spaceship. Everywhere inside astronauts experience normal Earth gravity, while outside they float freely. The stress-energy that generates the field contains exotic matter of negative energy density but also relies importantly on pressures and shears, which we describe. The same techniques can be readily used to design other interesting spacetimes and thereby elucidate the connection between the source and field in general relativity.
Introduction
The Einstein field equations of general relativity are nonlinear partial differential equations for spacetime curvature given a source of stress, energy, and momentum. They are notoriously difficult to solve exactly. However, two strategies radically simplify the problem. First, one can reverse the equations, so that instead of integrating to find the curvature given the stress-energy, one differentiates the curvature of a given spacetime to find the stress-energy needed to create it. Second, one can exploit the wide availability of powerful computer algebra software. These strategies tame a wide range of interesting problems.
As an example, we design an artificial gravity field for a cylindrical space station or spaceship. Specifically, we stipulate that inside a cylinder the spacetime curvature (and hence the gravity) will be the same as near Earth, but outside the cylinder spacetime will be flat (like empty space far from any stars). We join the two spacetimes smoothly and continuously across a finite thickness (of the spaceship's hull). Everywhere inside our astronauts experience normal Earth surface gravity, but outside they float freely. We highlight the important role of pressures, tensions, and shearsas well as energy -in creating this spacetime. Such speculative spacetime engineering provides an illuminating approach to understanding general relativity. Section 2 makes the paper self-contained and fixes its notation and conventions. For nonspecialists, it reviews the minimum general relativity needed to create and test the artificial gravity field, including the field equations and the geodesic equations of motion, but with special attention to the structure of the stress-energy source tensor. Section 3 fashions the desired spacetime metric and differentiates it to obtain the needed stress-energy. It tests the field by numerically releasing test particles inside and outside the spaceship. It compares the field with that of a Newtonian slab and briefly discusses the feasibility of marshaling the stress-energy needed to create the field. Section 4 suggests future projects and extensions, including possible experiments. A supplementary Mathematica notebook [1] provides the details for all the analytics and numerics in the paper and may be readily modified to further explore Einsteinian gravity.
General relativity primer
This section follows John Archibald Wheeler's famous summary of general relativity: matter tells spacetime how to curve, and spacetime tells matter how to move [2, 3] . For simplicity, it uses natural Planck units where G = c = 1.
where g lm = g ml is the metric, and there is an implied sum over repeated upper and lower indices. In flat spacetime far from any stress or energy, the Minkowski metric 
where the minus sign distinguishes time from space. Compute the change in components of a vector transported parallel to itself with the connection coefficients
where the commas denote differentiation with respect to the coordinate labeled by the following index. Raise and lower indices with the metric like
Calculate the change in a vector parallel transported around an infinitesimal parallelogram using the Riemann curvature tensor
Contract the Riemann tensor to get the Ricci tensor and scalar,
Reverse the trace of the Ricci tensor to form the the Einstein curvature tensor
2.2. Stress-energy
Record a particle's spacetime 4-momentum by
dE dx dy dt dp x dx dy dz dp x dt dy dz dp x dx dt dz dp x dx dy dt dp y dx dy dz dp y dt dy dz dp y dx dt dz dp y dx dy dt dp z dx dy dz dp z dt dy dz dp z dx dt dz dp z dx dy dt 
In terms of forces F k and areas A l , the the stress-energy components are anti-twist about the remaining y direction. Fig. 2 illustrates the pressures and shears in cylindrical coordinates for the cylindrical spaceship.
Field equations
Spacetime curvature is proportional to stress-energy
These are 10 nonlinear partial differential equations for the 10 unknown metric components g lm . However, only 6 of the equations are independent, so they determine the metric only up to a general coordinate transformation. Invert this relation and write
to exploit the fact that differentiation is much easier than integration.
Geodesic equation
In curved spacetime, the law of inertia generalizes to the geodesic equation
where, for massive particles, the affine parameter s is the proper time, and the right side corrects for the turning and twisting of the basis vectors. A geodesic is the straightest possible path and also the path of extremal length (typically a minimum in space but a maximum in spacetime).
Artificial gravity field
Smoothly join curved spacetime inside a cylinder, representing the Earth gravity of the spaceship, with the flat spacetime outside the cylinder, representing interstellar space. Differentiate the spacetime metric to find the stress-energy in the cylinder's surfaces, which generates the artificial gravity field. 
Translated Schwarzschild metric
The spacetime outside a spherical mass m such as Earth is described by the Schwarzschild metric 
where t is faraway time, r is the reduced circumference, h is colatitude, u is longitude, and r s = 2m is the Schwarzschild radius. Following Moreau et al. [4] , center the coordinates a translation D from the spherical mass by transforming the corresponding line element (including the differentials) to rectangular-like coordinates using
x ¼ r sin h cos u;
Next transform to cylindrical-like coordinates using
where s is the perpendicular separation from the z-axis. ; ð19Þ
which implies the expected line element
Join
Because the Einstein field equations are second order partial differential equations, smoothly join the Eq. (18) 
Use the quintic to form the one-dimensional unit box
where n 0 is the center, w is the width, and dw is the join thickness. From this, create a two-dimensional unit box v 2 ½s; z ¼ v 1 ½s; R=2; R; T v 1 ½z; 0; H; T ; ð23Þ with radius R, height H, and thickness T , as in Fig. 3 . Describe all of spacetime by 
Stress-energy
Compute the stress-energy required to create this spacetime using the Eq. (13) field equations. This reduces to straightforward differentiation of the metric, which can be done by hand but is readily accomplished using computer algebra. The results are algebraic (albeit piecewise) solutions for the stress-energy. Although these expressions are complicated, they are nicely summarized in the Fig. 4 
The stress-energy contains no energy flux or momentum density, as nothing moves in the spaceship's reference frame. There is no stress-energy in its cylindrical interior, which is good for our astronauts. However, there are nonzero energy densities, pressures, and shears in the wall, floor, and ceiling of its hull, where the flat and curved spacetimes join.
The ceiling includes a positive energy density layer of radial and azimuthal tension just under a layer of radial and azimuthal pres- 
Other configurations
Repeating the calculations for a cubical spaceship necessitates a more complicated stress-energy distribution because of the vertical corners. Repeating for a spherical spaceship (to create a spacetime reminiscent of the Einstein-Straus vacuole metric [5, 6] that joins a Schwarzschild and a Robertson-Walker metric) requires a more complicated stress-energy because the round hull encloses a ''vertical'' gravity field. Repeating for a weak-field approximation of the Schwarzschild metric inside a cylinder requires a simpler stress-energy distribution but unfortunately with horizontal pressure inside the spaceship (which is not surprising as the approximate metric is no longer an exact solution to the field equations). However, repeating for a Rindler uniform-gravity ''flat Earth'' metric [7] inside a cylinder requires comparable stresses confined to the hull with no net energy density (although negative energy density would need to cancel the positive energy density typically associated with the stresses). While the Rindler spacetime is algebraically simpler than the translated Schwarzschild spacetime, it does not exhibit tidal effects.
Testing
To test the artificial gravity field, numerically integrate the Eq. (14) geodesic equations for various initial conditions. A massive test particle released outside the spaceship does not move, but a mass released inside the spaceship falls with an Earth-like acceleration of g È % 9.8 m/s 2 . Other tests [1] reveal tidal effects: while falling, pairs of particles released side-by-side slowly drift together, but pairs of particles released one-over-the-other drift apart. As expected, inside the cylinder horizontal light rays deflect downward but vertical light rays are undeflected.
Perhaps unexpectedly, the hull of the spaceship gravitationally confines slow moving particles. A mass released from rest bounces at the floor if its speed is less than a critical value. For Earth-like gravity, the critical speed is near the v È % 11 km/s Earth escape speed. Fast particles deflect as they pass through the floor but thereafter move in straight lines in flat Minkowski spacetime. Fig. 5 illustrates typical geodesics for massive and massless test particles in an artificial gravity field scaled to nicely display the range of geodesics [1] . The bounces and deflections are completely gravitational, due to spacetime curvature. The confinement of slow particles inside the spaceship, where time runs slowly, is reminis- Fig. 4 . Vertical cross sectional density plots (4 Â 4 squares) illustrate the dominant contributions to the normalized stress-energy components Tlm that warp spacetime to create an artificial gravity field (gray cylinder with yellow square marking the cross section). Red is positive and blue is negative and magnitudes decrease with saturation until they vanish at white. cent of total internal reflection in an optical fiber. Indeed, under certain conditions, motion in curved spacetime can be described equivalently as motion in flat spacetime in a medium with a variable index of refraction [8, 9] .
Newtonian slab
To understand the importance of general relativity in designing an artificial gravity field, a Newtonian comparison is helpful. Consider a rectangular slab of thickness T , mass density q M , and gravitational field g È just above its center. Imagine a short Gaussian cylinder of cross sectional area A vertically straddling the surface near its center. In analogy with Gauss's law for electricity, Gauss's law for Newtonian gravity
implies a mass density
and an energy density
which is comparable to the floor and ceiling energy densities of the Fig. 4 artificial gravity field stress-energy tensor. Of course, at the corners of the slab the field is about 4 times smaller (as 4 identical slabs tiled at the corner would approximately restore the central field). Furthermore, the field below is opposite to that above!
Construction
Stretching, compressing, and twisting elastic material can, in principle, generate negative and positive pressures and shears to create the artificial gravity field. However, normal materials have strictly positive total energy density, and the artificial gravity field needs layers of positive and negative energy density. The necessary energy density decreases as the inverse square of the hull thickness T , which is consistent with the corresponding Newtonian density
However, to make the spaceship well-defined, the thickness of the hull should be smaller than its radius, T < R.
Generating the negative energies is the hard part. For example, while a hydrogen atom does have a negative binding energy of À13.6 eV, this is overwhelmed by its positive mass-energy of about +1 GeV. Replace the electron by a more massive lepton like a muon and the binding energy becomes more negative, but the total energy remains decisively positive.
If arbitrarily negative energy states existed, the vacuum would be unstable. In fact, various constraints on the stress-energy called weak and strong energy conditions are conjectured to hold for all ''physically reasonable'' matter [3] . If these conditions are violated, the matter is said to be ''exotic''. The Fig. 4 stress-energy violates these energy conditions and so is exotic. However, other recently studied spacetimes including the Alcubierre warp-drive [10, 11] and the Morris-Thorne wormhole [12, 13] appeal to violations of the weak energy condition and rely on negative energy density.
Quantum field theory provides possible sources of negative energy density. In squeezed vacuum states, destructive quantum interference can suppress vacuum fluctuations, so that locally the vacuum has less energy than it normally does. In one interpretation of the Casimir effect, nearby conductors suppress vacuum fluctuations between them producing negative energy density and a force that has been precisely measured [14, 15] . The Hawking evaporation of a black hole can be understood as negative energy density flowing into its event horizon to balance the positive-energy radiation escaping to infinity. However, quantum inequalities suggest that assembling macroscopic quantities of negative energy density may be challenging or impossible [16] .
Conclusions
Using computer algebra to run Einstein's equations ''backward'' is an illuminating tool to further our understanding of general relativity [17] [18] [19] [20] . We are learning how pressures, tensions, and shears -as well as energy -can modify spacetime in simple examples, as part of a larger project to better understand the relationship between spacetime curvature and stress, energy, and momentum. We designed an artificial gravity field for a spaceship, but using simple stress-energy distributions one can readily design ''closets'' that are larger on the inside than on the outside or ''refrigerators'' where time runs slowly (to keep food fresh). Although the engineering [11] of these spacetimes seems daunting or impractical, experimentalists may be able to exploit quantum phenomena like squeezed vacuum states and the Casimir effect to perturb spacetime in microscopic regions and probe the perturbations with sensitive interferometers.
Even if such exotic spacetimes are ultimately unphysical, they are exact solutions to Einstein's equations. They excite the imagination and help us better grasp the structure of general relativity, which nearly a hundred years after its introduction remains our best confirmed theory of gravity.
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Appendix A. Normalizing the stress-energy
In general relativity, it is common to calculate in an unnormalized coordinate basis, but interpret the results in an orthonormal basis [2] . Normalization is more complicated if the metric is nondiagonal, as is the case for both the astrophysically important Kerr spacetime of a rotating black hole and the Eq. (24) artificial gravity spacetime.
The scalar products of the unnormalized basis vectors e l = @r/@x l are the general metric components e l Á e m ¼ g lm ; ðA:1Þ
while the scalar products of the normalized basis vectors el are the Minkowski metric components Inside a scaled artificial gravity field (dark gray between light gray floor and ceiling), a massive test particle falls as expected but bounces at the bottom (thick blue curve). Masses shot downward bounce if their bottom speeds are less than a critical speed but otherwise merely deflect (thin blue curves), as does a light ray (thick red curve).
